Motion of a spherical solid particle in thermal counterflow turbulence by Kivotides, D
Motion of a spherical solid particle in thermal counterflow
turbulence
Demosthenes Kivotides
Center for Risk Studies and Safety,
Department of Chemical Engineering,
University of California, Santa Barbara, CA 93117, USA
(Dated: April 16, 2008)
Abstract
We formulate and solve with numerical methods a mathematical model of solid-particle motion
in thermal counterflow turbulence. We find a direct link between the intensity of vortex-particle
collision induced Kelvin waves (vortex-gas “temperature”) and the intensity of the particle-velocity
fluctuations around its mean value. The latter mean value is determined by three factors: (a)
frequency of head-on particle-vortex collisions, (b) formation of vortex-tail behind the particle,
(c) the viscous-drag. The frequency of head-on particle-vortex collisions depends on: (a) vortex
line density, (b) average tangle drift relative to the particle, (c) degree of tangle stratification
normal to the counterflow direction. A higher stratification degree reduces the frequency of head-
on collisions and allows the vortex-tail effect to dominate. At T = 1.3K, vortex-voids in the tangle
act like barriers to particle motion; the particle-velocity fluctuations are comparable to its mean
value, thus the particle’s direction of motion is sporadically reversed.
PACS numbers: 67.25.dk, 47.37.+q
1
1. INTRODUCTION
The macroscopic physics of fluids like liquid helium and alkali gases which below a
critical temperature are characterized by Bose-Einstein condensation can be described
by two-fluid dynamical models as first proposed by Tisza and Landau [1, 2]. The most
general flow state in thermal superfluids is the fully developed turbulent state where both
normal-fluid and superfluid components are turbulent [3–8]. The physics of such flows
remain unknown. A major reason for this is the lack of direct, unambiguous measurements
of the local velocity of any of the two components. Recently, a new experimental technique
has been applied to this problem. In particular, following the work of Donnelly et al. [9],
experiments that release micron-sized particles in a superfluid flow and track, via Particle
Image Velocimetry (PIV), their position and velocities are now possible [10, 11]. There are
two types of such experiments. The first was performed by Bewley et al. [11]. It attempts
to visualize the superfluid vortices by assuming that when a solid-particle collides with a
quantum vortex it is trapped by the latter. According to the computations of Kivotides et
al. [12, 13], care is needed when interpeting particle trajectories in this way. The authors
of references [12, 13] have shown that, when a particle collides with a straight vortex,
there is a critical velocity above which the particle and the vortex eventually separate.
The second type of experiment was performed by Zhang and Van Sciver [10]. These
authors have introduced the solid-particles in thermal counterflow turbulence and measured
their velocities. The outcome of their experiment is puzzling: Although one expects the
Stokes drag to force the solid-particles to move with the normal fluid velocity [14, 15], the
experimental results suggest that there is a “slip” velocity between solid-particle velocity
〈V p〉 and normal-fluid counterflow velocity V n,c. For example, the data of reference [10]
over a range of temperature and counterflow velocity values suggest 〈V p〉/V n,c ≈ 0.5.
Certainly, the 〈V p〉/V n,c ratio is not universal. For example, at temperature T = 2.00K with
normal-fluid counterflow velocity V n,c ≈ −1.1 cm/s, the solid-particle velocity according to
reference [10] is 〈V p〉 ≈ 1.1V n,c. In this letter, we offer a theoretical analysis of solid-particle
motion in counterflow turbulence that clarifies the physical processes at play in PIV
counterflow turbulence experiments. Our analysis is based on a self-consistent treatment of
particle-vortex collisions, hence it improves a similar analysis of reference [16]. Moreover, it
predicts the outcome of possible similar experiments that correspond to temperature and
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velocity regimes not covered in reference [10]. These predictions could be tested by future
experiments.
2. MATHEMATICAL MODEL
In solid-superfluid dynamics, there are three mutually interacting physical components i.e.
the superfluid, the normal-fluid and the particulate solid-field. The model employed here
(see also [12, 13]) describes self-consistently the superfluid and solid-field, but prescribes
kinematically the normal-fluid. Moreover, we confine ourselves to thermal counterflow and
we consider only one rigid, spherical, solid particle. In detail, denoting by X(l, t) the super-
fluid vortex tangle L, where l is the arclength parametrization along the vortices and t is
time, we employ the following dynamical law for the superfluid vortices:
∂X
∂t
= Vs +Vb +Vφ +Vf . (1)
The first contribution to the right hand side is the vortex induced superfluid velocity Vs
that is given by the Biot-Savart integral:
Vs(x) = −
κ
4pi
∫
L
dl
X′ × (X− x)
|X− x|3
, (2)
where X′ ≡ ∂X/∂l is the unit tangent vector (indicating the direction of the singular su-
perfluid vorticity) and κ is the quantum of circulation. The mere presence of the particle
distorts the vortex induced flow. This effect is taken into account by the Vb term [20]. This
term ensures that the flow does not penetrate the particle. The third contribution Vφ is
the superflow that corresponds to the motion of a spherical particle with velocity Vp in a
uniform, unbounded, inviscid flow with velocity Vs,c. The latter is the superfluid counter-
flow velocity that is related to the normal-fluid counterflow velocity via mass conservation
ρsV
s,c+ ρnV
n,c = 0. Here, ρs is the superfluid mass density and ρn is the normal-fluid mass
density. Vφ is given by the expression [17]:
Vφ(x|z) = Vs,c(x) (3)
+0.5
(a
r
)3
(Vs,c(z)−Vp(z)) ·
(
I− 3
x′x′
r2
)
,
where Vφ(x, t|z) is the (non vortex-associated) velocity of the superfluid at x when the
centre of a sphere of radius a is located at z, I is the 3× 3 unit matrix whose elements are
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the Kronecker delta symbols δij (i, j = 1, 2, 3), x
′ = x− z and r = |x− z|.
The term Vf takes into account the effects of the mutual friction force on the vortices [18]:
Vf = h⋆X
′ × [Vn,c − (Vs +Vb +Vφ)] (4)
+h⋆⋆[X
′ × (X′ ×Vn,c) +Vs +Vb +Vφ],
where Vn,c is the kinematically prescribed counterflow normal-fluid velocity, and h⋆, h⋆⋆ are
dimensionless mutual friction coefficients [13, 18].
The particle equation of motion is based on an equation derived by Schwarz in reference [19]
for the case of a particle in a pure superfluid that we have modified in order to take into
account the normal-fluid effects on the particle:
me
dVp
dt
= 6piaµn(V
n −Vp) + 2piρsa
3
∂Vs(z, t)
∂t
(5)
+
1
2
ρs
∫
S
dS (Vs +Vb)2nˆ,
where me is the effective mass of the particle me = m+ (2/3)pi(ρs+ ρn)a
3, m is the particle
mass, µn is the dynamic viscosity of the normal fluid, and V
s(z, t) is the vortex-induced
velocity at the particle centre. We shall only consider neutrally buoyant particles here, thus
the particle mass density ρp is equal to the sum of the normal-fluid and superfluid mass
densities. The last term is a surface integral with nˆ being the outward unit radial vector
field on the spherical particle surface. In this equation, the normal-fluid effects are modeled
by a drag force of viscous origin, and an “added mass force” that takes into account the
work that the particle has to do on the fluid when it accelerates through it.
3. MATHEMATICAL METHODS
The integration of the above dynamical laws is discussed in great detail in references
[13, 20]. The new elements of the present formulation are (a) the incorporation of the
superfluid counterflow velocity Vs,c in equation (3) that describes the superflow field
around a particle moving with constant velocity Vp, and (b) the introduction of new
computational algorithms that describe in a systematic, general (not problem specific)
way the simultaneous, multiple collisions of the particle with the counterflow vortices, as
well as the complicated topological changes induced by reconnections between vortices
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already attached to the particle. All calculations were performed in a cubic domain of size
lb = 0.001cm. In all computations, the boundary condition which requires the fluid velocity
to be along the tangent to the particle surface is enforced with 0.1 degrees accuracy. The
number of terms in the Legendre expansion in the computation of Vb required for this
accuracy is of the order of 50. In all cases, the particle radius is a = 10−4cm and the
particle’s diameter is resolved with at least 12 vortex segments. This requirement is met by
a discretization length δl ≈ 1.56× 10−5cm. The typical time step is δt ≈ 0.15 × 10−7s. In
all computations, we first establish a steady state counterflow before adding the particle.
The latter is inserted along the y axis at a distance 1.6a inside the computational domain
having zero initial velocity. As it is placed in the fluid, its volume might occupy some of
the previously established vortex tangle. We have removed the vortex length inside the
particle’s volume, and we have attached to it all vortices that were closer than δl from
it. The same particle-vortex attachement criterion [13] was used during the evolution of
the system. We denote the normal-fluid counterflow velocity by V n,cy , and the superfluid
counterflow velocity by V s,cy . After particle insertion, a transient occurs and the system
is driven towards a new steady state that is compatible with the presence of the particle.
The calculation stops when the particle crosses the boundaries of the box. An important
physical quantity is the Stokes time τ = a2ρp/3µn; the smaller the τ , the stronger the
viscous-drag force fd = 6piaµn(V
n −Vp). Finally, we call fb =
1
2
ρs
∫
S
dS (Vs +Vb)2nˆ the
boundary induced force, and fl = 2piρsa
3∂Vs(z, t)/∂t the inertial force.
3. RESULTS
We apply our methods to 4He. A future study of the 3He − B case is also desirable.
Our purpose is to offer a global (in temperature space) analysis of the important physics,
and when possible to compare with available experimental data. The computations are
complex, and we could only perform two calculations for T = 1.3 K, another two for
T = 1.95 K, and one for T = 2.171 K. The fluid properties for these temperatures are
summarized in Table I, while major findings and dynamical parameters are summarized in
Table II. In this table, λ denotes the steady state vortex line density achieved after particle
insertion.
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T ρs ρn h⋆ h⋆⋆ µn × 10
6
(K) (g cm−3) (g cm−3) (g cm−1 s−1)
1.3 0.1386 0.00652 0.04093 −0.02175 15.2
1.95 0.07542 0.07012 1.621 −0.661 14.1435
2.171 0.00652 0.13955 2.975 4.871 25.40145
TABLE I: Summary of characteristic fluid properties.
T V s,cy V
n,c
y 〈V
p
y 〉 λ × 10−8 τ × 105
(K) (cm s−1) (cm s−1) (cm s−1) (cm−2) (s)
1.3 2.3520 −50 0.25V n,cy 0.6119 3.1935
1.3 4.2336 −90 0.2V n,cy 2.4558 3.1935
1.95 9.2972 −10 0.6V n,cy 0.3284 3.4301
1.95 14.8756 −16 V n,cy 0.8284 3.4301
2.171 21.4033 −1 1.2V n,cy 0.5846 1.9170
TABLE II: Summary of dynamical parameters and major findings.
The vortex length evolution, as well as the particle velocity in the counterflow direction are
shown in Fig.1. In all cases, the particle is moving in a “gas” of vortex loops. Although this
implies an analogy with Brownian motion of a particle in an ordinary gas, it is important
to note the following key difference: When a gas molecule approaches and collides with a
Brownian particle, the latter is pushed along the molecule’s direction of motion. However,
when a vortex-loop approaches and collides with our solid-particle, the latter is pulled
against the loop’s direction of motion. This is explained by the fact that the superfluid
vortices are potential vortices and their core pressure is zero. Hence, the particle-vortex
collision site is a very low pressure region. Assuming further, for the sake of the argument,
that there are no other vortices attached to the particle, it is safe to conclude that there
will be a net force towards the collision site due to pressure difference. Our results single
out four important factors in the analysis of solid-particle motion in counterflow turbulence:
The degree of tangle stratification, the vortex line density, the average tangle drift, and
the intensity of collision induced Kelvin wave cascades along the vortices. A good feature
of our flow temperature choice is that it allows to study each of these factors in isolation.
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FIG. 1: (Color online.) Left: time series of vortex tangle length. All tangle lengths have reached
a steady state. The length fluctuations in the 1.3− 50 case are too small to be discernible at the
scale of the graph. Right: time series of particle-velocity component in the counterflow direction.
The dependence of dynamics on temperature is demonstrated by the relative (with respect to
the mean value) intensity of particle-velocity fluctuations. The first number in the line labels
denotes the temperature; the number after the hyphen denotes the magnitude of the normal-fluid
counterflow velocity V n,cy .
In particular, an elementary analysis of the governing equations (verified by the numerical
solutions) shows that, at T = 1.95K, there is a strongly stratified tangle with a very
small average drift in laboratory frame, as shown in Fig.2 (center and right). Now, since
the quantum vortices expand rapidly along the normal to the counterflow direction, their
frequent collisions with the solid-particle do not affect its motion along the counterflow
direction. Instead, they cause an erratic particle-drift in the normal to the counterflow
direction with velocities of comparable magnitude with V py but less fluctuating than the
latter. The symmetry of vortex-particle interactions along the counterflow direction is
broken by the effect of the viscous drag. The latter causes the particle to move steadily
in the counterflow direction, so that sporadic vortex-tail formation in the particle-wake is
favoured. Such a two-vortex tail is depicted in Fig.2 (center). Hence, as discussed also by
Sergeev et al. [16], this vortex-dragging phenomenon induces a slip velocity between the
particle and the normal-fluid. Our value 〈V py 〉 ≈ 0.6V
n,c
y is in excellent agreement with the
same temperature results (for slightly smaller counterflow velocities) of reference [10]. We
isolate the effects of vortex-line density by keeping T = 1.95K, but increasing V n,cy . We find
that, due to the much higher vortex-line density, and in contrast to the other T = 1.95K
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FIG. 2: (Color online.) Left: a particle moving from right to left at temperature T = 2.171K,
counterflow velocity V n,cy = −1cm/s and vortex line density λ = 0.5846×108cm−2. One observes a
well formed vortex tail, as well as a developing head-on collision of the particle with a vortex. Such
head-on collisions are frequent due to the strong drift of the tangle against the particle’s motion.
Notably, vortices are attached to the particle from all sides. Center: a particle moving from right
to left at T = 1.95K, V n,cy = −10cm/s and λ = 0.3284 × 108cm−2. Note the stratification of
the tangle in planes normal to the particle’s velocity. A two filament vortex-tail is also shown.
Sporadic tails like this are responsible for the difference between the counterflow and particle
velocities in this particular case. Right: a particle moving from right to left at T = 1.95K,
V n,cy = −16cm/s and λ = 0.8284 × 108cm−2. The tangle is stratified as in the V
n,c
y = −10cm/s
case, but now, in agreement with the higher vortex line density, one notices multiple head-on
collisions that pull the particle in its direction of motion. Numerous other collisions are depicted
on planes normal to the counterflow, together with trailing vortices.
case, the particle sustains now a significant number of head-on collisions with loops. These
novel head-on collisions counterbalance the vortex tail effect, and so 〈V py 〉 ≈ V
n,c
y due to
Stokes drag. This process is depicted in Fig.2 (right). Tangle drift effects are suitably
studied in T = 2.171K flows where large V s,cy , small V
n,c
y and large, positive h⋆⋆, are
responsible for strong tangle-drift against the particle’s motion. Consequently, head-on
collisions of the particle with vortices along its direction of motion are more frequent than
with vortices in the other directions. Hence, in agreement with previous discussion, there
is an increased (along the counterflow direction) particle-velocity in comparison with the
particle-velocity due to the Stokes drag only, and we find 〈V py 〉 ≈ 1.2V
n,c
y . This process
is depicted in Fig.2 (left). A similar phenomenon was also observed in the T = 2.00K,
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V n,cy ≈ −1.1cm/s experiment of Zhang and Van Sciver, where 〈V
p
y 〉 ≈ 1.1V
n,c
y . However,
due to the temperature difference in the two cases, the underlying physics of these similar
phenomenologies are not necessarily the same. Due to small mutual friction effects, the
T = 1.3K results are suitable for studying crucial Kelvin wave effects. In particular, when
a vortex hits a particle, the collision generates Kelvin waves on the former. Together with
the residence time of previously collided vortices on the surface of particles, these vortex
waves [12, 13] are major factors contributing to the trapping potential of the vortex and to
the direction of the inertial force on the particle. Accordingly, the particle-velocity presents
large amplitude fluctuations that are comparable to the mean value. This effect is depicted
by the results of Fig.1. Although there is still an average drift of the particle in the direction
of the normal-fluid counterflow, there are instances (case 1.3− 90, t ≈ 3× 10−5s) when the
particle reverses its motion and moves opposite to the normal-fluid. In contrast, and despite
frequent collisions in the T = 2.171K case, strong mutual friction there smooths the vortex
contours, and large V s,cy shortens the residence time of a colliding vortex on the particle’s
surface. Consequently, at T = 2.171K, the particle-velocity is dominated (Fig.1) by a
deterministic drift with smaller (barely discernible at the scale of the graph) superposed
collision induced fluctuations. Finally, in agreement with previous discussion, the solutions
indicate that when a particle encounters a void at T = 1.3K, it is likely to take a sharp turn
and move in a new direction due to its collision with the vortices present in this new direction.
4. CONCLUSION
We have performed a first principles analysis of the motion of a spherical particle in
thermal counterflow turbulence. In all cases, the particle is subjected to a deterministic
drift along the direction of the normal-fluid motion due to viscous drag effects. On the
other hand, the collisions between the particle and the quantum vortices result in (a) a
mean particle velocity drift, and (b) particle velocity fluctuations.
The vortex-induced mean particle velocity drift requires the existence of an average net
velocity difference between the particle and the vortex tangle. This velocity could be due to
the effect of the Stokes drag on the particle or to a counterflow-induced tangle drift. When
this prerequisite is met, the vortex-induced mean particle velocity drift is proportional to
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the vortex line density and to the magnitude of the aforesaid net velocity difference. This
is because both factors increase the number of head-on particle vortex collisions, and, as
discussed already, when a vortex loop approaches and collides with the particle, the latter
is pulled against the loop’s direction of motion.
The intensity of fluctuations is inversely proportional to the fluid temperature and the
average vortex tangle drift relative to the particle. This is because particle-vortex collisions
induce Kelvin wave systems along the vortices that exert strong, random forces on the par-
ticles, and the lower the temperature, the more intense these wave systems are. Notably, at
T = 1.3 K, these fluctuations could be stronger than the drift induced by viscous processes,
and could accordingly reverse the particle’s direction of motion. On the other hand, the
relative drift between the particle and the tangle is inversely proportional to the residence
time on the particle’s surface of a vortex that has previously collided with the particle,
and the longer this residence time is, the stronger the Kelvin wave effects on the particle are.
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